Abstract. We study the relationship between the p-rank of a curve and the p-ranks of the Prym varieties of its cyclic covers in characteristic p > 0. For arbitrary p, g ≥ 3 and 0 ≤ f ≤ g, we generalize a result of Nakajima by proving that the Prym varieties of all unramified cyclic degree = p covers of a generic curve X of genus g and p-rank f are ordinary. Furthermore, when p ≥ 5, we prove that there exists a curve of genus g and p-rank f having an unramified degree = 2 cover whose Prym is almost ordinary. Using work of Raynaud, we use these two theorems to prove results about the (non)-intersection of the -torsion group scheme with the theta divisor of the Jacobian of a generic curve X of genus g and p-rank f . The proofs involve geometric results about the p-rank stratification of the moduli space of Prym varieties.
Introduction
Suppose X is a smooth projective connected curve of genus g ≥ 2 defined over an algebraically closed field k of characteristic p > 0. Suppose π : Y → X is an unramified cyclic cover of degree for some prime = p. Then Y has genus g Y = (g − 1) + 1 by the Riemann-Hurwitz formula. For each of the 2g − 1 unramified Z/ -covers π : Y → X, the Jacobian J Y is isogenous to J X ⊕ P π for an abelian variety P π of dimension ( − 1)(g − 1), called the Prym variety of π. In particular, when = 2 and π : Y → X is an unramified double cover, then Y has genus 2g − 1 and P π is a principally polarized abelian variety of dimension g − 1.
In this paper, we study the relationship between the p-ranks of J X and P π . The p-rank f A of an abelian variety A/k of dimension g A is the integer 0 ≤ f A ≤ g A such that the number of p-torsion points in A(k) is p f A . One says that A is ordinary if its p-rank is as large as possible (f A = g A ) and is almost ordinary if its p-rank equals g A − 1.
By a result of Nakajima, the Prym varieties of the unramified Z/ -covers of the generic curve X/k of genus g ≥ 2 are ordinary [15, Theorem 2] . As the first main result of the paper (Theorem 1.3, Theorem 4.5), we generalize Nakajima's result by adding a condition on the p-rank of X, which yields the following application. Application 1.1. Let be a prime distinct from p. Let g ≥ 2 and 0 ≤ f ≤ g with f = 0 if g = 2. Let X be a generic curve of genus g and p-rank f . Then the Prym varieties of all of the unramified Z/ -covers of X are ordinary.
The second result (Theorem 1.4, Theorem 7.1) demonstrates the existence of degree 2 unramified covers π : Y → X such that Y is not ordinary. As an application, we prove: Application 1.2. Let = 2. Let p ≥ 5, g ≥ 2 and 0 ≤ f ≤ g. Then there exists a curve of genus g and p-rank f having an unramified double cover whose Prym is almost ordinary (f Pπ = g − 2).
Raynaud considered similar questions using theta divisors [16, 17, 18] . In Section 2.6, we define the theta divisor Θ X of the Jacobian and compare our results with those of Raynaud. Briefly, Raynaud's results are stronger in that they apply to an arbitrary base curve X but are weaker in other ways: his result about ordinary Pryms applies only when > (p − 1)g, in which case he shows that at least one of the Pryms is ordinary; and, in his result for nonordinary covers, the Galois group of the cover is solvable but not cyclic. We use Raynaud's work to phrase our results in terms of the (non)-existence of points of order contained in the theta divisor Θ X .
We now state the results of the paper more precisely. Consider the moduli space M g whose points represent smooth curves of genus g and the moduli space R g, whose points represent unramified Z/ -covers π : Y → X, where X is a smooth curve of genus g. There is a finite morphism of degree 
(S)). (2)
The locus of points of S representing curves X for which Θ X contains a point of order 2 is non-empty with codimension 1 in S.
Π −1 (S) is irreducible and that it degenerates to a particular boundary component ∆ i:g−i which is convenient for proving the result inductively.
In the second part of the paper, we restrict to the case = 2. In Section 5, we stratify R g,2 by the pair (f, f ) where f is the p-rank of X and f is the p-rank of P π . Using purity, we prove that the dimension of the (f, f ) stratum of R g,2 is bounded below by g − 2 + f + f Proposition 5.4.
Section 6 contains some results about non-ordinary Pryms of unramified double covers of curves of low genus g = 2 and g = 3. These generalize work from [9] . We illustrate the difficulty in proving these results computationally, even for one fixed small prime p, in Section 6.2.
Section 7 contains the proof of Theorem 1.4. The statement about the dimension follows from the purity lower bound and Theorem 1.3, so most of the proof is focused on proving the non-emptiness statement. This is also an inductive argument which uses the boundary component ∆ i:j , but it relies on more refined information from Sections 3 and 6. Finally, the paper ends with some open questions in Section 7.2.
Pryms, moduli, p-rank, and theta divisors
Suppose X is a smooth curve of genus g defined over a field K of characteristic p > 0. The Jacobian J X of X is a principally polarized abelian variety of dimension g. For a prime = p, recall that there is a bijection between points of order on J X and unramified connected Z/ -covers π : Y → X.
Prym varieties.
Suppose π : Y → X is an unramified Z/ -cover. The Prym variety P π is the connected component containing 0 of the norm map on Jacobians. More precisely, if σ is the endomorphism of J X induced by a generator of Gal(Y /X), then
The canonical principal polarization of Jac(Y ) induces a polarization on P π [14, Page 6 ]. This polarization is principal when = 2.
2.2.
Moduli spaces of Prym varieties. Let R g, denote the moduli space of Prym varieties of unramified Z/ -covers of smooth projective curves of genus g; it is a smooth DeligneMumford stack [6, Page 5] . The points of R g, can also represent triples (X, η, φ) where X is a smooth genus g curve equipped with a line bundle η ∈ Pic(X) and an isomorphism φ : η ⊗ ∼ → O X . This is because the data of the Z/ -cover π : Y → X is equivalent to the data (X, η, φ).
Recall that the morphism Π : R g, → M g sends the point representing π : Y → X to the point representing X. Then Π is surjective,étale, and finite of degree 2g − 1. Thus dim(R g, ) = 3g − 3. For = 2, consider the Prym map P r g : R g,2 → A g−1 which sends the point representing π : Y → X to the point representing the principally polarized abelian variety P π . The image and fibers of P r g are well understood for 2 ≤ g ≤ 6, but not for g ≥ 7.
2.3. Marked curves. A marking of a curve X consists of the choice of a point x ∈ X. A marking of an unramified Z/ -cover π : Y → X consists of a marking x ∈ X, together with the choice of a point x ∈ π −1 (x). This marking will be denoted x → x. It is equivalent to the choice of a labeling of the points of the fiber π −1 (x) because of the Z/ -action.
A point of M g;1 represents a curve X of genus g together with a marking x ∈ X. A point of R g, ;1 represents an unramified Z/ -cover π : Y → X such that X has genus g, together with a marking x → x. There are forgetful maps ψ M : M g;1 → M g and ψ R : R g;1 → R g .
Proof. The fiber of ψ M above a point of M g is isomorphic to the curve it represents and is thus irreducible. Similarly, the fiber of ψ R above the point of R g representing a cover π : Y → X is isomorphic to Y and is thus irreducible. The result then follows from Zariski's main theorem.
2.4. The p-rank. The p-rank f A of an abelian variety A of dimension g A is the integer 0 ≤ f A ≤ g A such that the number of p-torsion points in A(K) is p f A . The p-rank of a curve is that of its Jacobian. There are three p-ranks associated with the cover π : Y → X, namely the p-rank f of X, the p-rank f of P π , and the p-rank of Y which equals f + f . The p-rank is invariant under isogeny ∼ of abelian varieties.
The p-rank of P π can also be computed using theory from [18, Page 343] .
i where L is the invertible sheaf of order associated with η. Since is prime, the new part of
As in [18, Definition 2.1.1], the new part of π : Y → X is ordinary if the action of F on H 1 (X, L) is semi-simple. This is equivalent to the condition that the dimension of
. More generally, the p-rank of P π is the stable rank of F on H 1 (X, L).
2.5.
The p-rank stratification. If X/S is a semiabelian scheme over a Deligne-Mumford stack, then there is a stratification S = ∪S f by locally closed substacks such that s ∈ S f (k) if and only if f (X s ) = f (this follows from [13, Theorem 2.3.1], see, e.g., [1, Lemma 2.1]). For example, M f g is the locus in M g whose points represent curves of genus g having p-rank f .
). Hence, the points of W f g represent unramified Z/ -covers π : Y → X such that X has genus g and p-rank f . 2.6. Theta divisors. We recall the definition of the theta divisor from [18, Section 1.1]. Let X 1 be the curve induced from X/S by base change by the absolute Frobenius of S. Let F : X → X 1 be the relative Frobenius morphism. There is an exact sequence of sheaves:
where B is the sheaf of locally exact differential forms on X 1 . In other words, if C denotes the Cartier operator, then there is an exact sequence
Then B is a vector bundle of rank p − 1 and slope g − 1, where the slope is the quotient of the degree by the rank. More precisely, if X is not smooth, then B is a torsion-free sheaf, which is locally free of rank p − 1 outside the singularities of X.
By [16, Theorem 4.1.1], B admits a theta divisor Θ X . This is a positive divisor on the Jacobian J 1 of X 1 (the determinant of the universal cohomology). If L is an invertible sheaf of degree 0 over
is nonzero if and only if L defines a point on J 1 which belongs to the support of Θ X .
This construction is compatible with the classical construction of the theta divisor. Consider J [g−1] , the torsor for J representing line bundes of degree g − 1. After choosing a base point of X, there is a canonical map
The image ∆ is a translation of the classical theta divisor Θ class on J. Using theta divisors, Raynaud proves:
Theorem 2.5. Let X be a smooth projective k-curve of genus g ≥ 2.
(
There is an unramified Galois cover Z → X, with solvable Galois group, such that Z is not ordinary.
The results in this paper strengthen Raynaud's results for a generic curve X of genus g and p-rank f . Specifically, Theorem 1.3 shows that the condition on in Theorem 2.5(1) can be removed, and that all (not just one) of the Pryms of the Z/ -covers of X are ordinary, for a generic curve X of genus g and p-rank f . Theorem 1.4 shows the existence of unramified degree two covers π : Y → X such that Y is not ordinary under a codimension 1 condition on a generic curve X of genus g and p-rank f . Remark 2.6. If C is a curve of genus g and d = (g −1)/2, then the Jacobian J C contains the top difference variety
In [5, Corollary 0.4] , for a generic curve of odd genus, the authors prove that V d contains no points of order .
The p-rank stratification of the boundary of the Prym variety
In this section, we study the Pryms of singular curves and then analyze the p-rank stratification of components of the boundary of R g, . The goal is to prove that every component of the boundary of Π −1 (M f g ) has dimension 2g − 4 + f , Proposition 3.14. The strategy is to study the clutching maps, whose images are the boundary strata of R g, , in terms of the p-rank. The following lemma will be useful. 
The rank r T of T is the rank of the cohomology group H 1 (Γ X , Z), where Γ X denotes the dual graph of X. One says that X has compact type if T is trivial.
LetM g be the Deligne-Mumford compactification of
is the image of the clutching morphism:
follows. For i = 1, 2, let (C i , x i ) be a marked curve with C 1 of genus i and C 2 of genus g − i. Consider the genus g curve X which has components C 1 and C 2 and is formed by identifying the points x 1 ∈ C 1 and x 2 ∈ C 2 in an ordinary double point. If ξ 1 is the point ofM i,1 representing (C 1 , x 1 ) and ξ 2 is the point ofM g−i;1 representing (C 2 , x 2 ), then κ i (ξ 1 , ξ 2 ) is the point representing X.
In this situation,
3.1.2. Non-compact type. The boundary component ∆ 0 [M g ] is the image of the clutching morphism: κ 0 :M g−1;2 →M g , defined as follows. Let (C , x, y) be a curve of genus g − 1 with 2 marked points. Consider the curve C of genus g which is formed by identifying x and y in an ordinary double point. If ξ is the point ofM g−1;2 representing (C , x, y), then κ 0 (ξ ) is the point representing C.
In this situation, there is an exact sequence
If C is smooth, then the toric rank of J C is r T = 1. If f is the p-rank of C , then C has p-rank f + 1. Thus κ 0 restricts to a map
3.2. Compactification of R g, . A twisted curve C is a one dimensional stack such that the corresponding coarse moduli space C is a stable curve whose smooth locus is represented by a scheme and whose singularities are nodes with local picture [{xy = 0}/µ ] with ζ ∈ µ acting as ζ(x, y) = (ζx, ζ −1 y). As stated on [6, page 6] , the space R g, admits a compactification R g, , which is the smooth proper Deligne-Mumford stack of level-twisted curves. The points ofR g, represent triples [C, η, φ], where C is a genus g twisted curve, where η ∈ Pic(C) is a faithful line bundle (see [6, Definition 1.5]), and where φ : η ⊗ → O C is an isomorphism. The morphism Π extends to a morphism Π :R g, →M g .
Some points of R g, cannot be interpreted in terms of -torsion line bundles or Z/ -covers of a scheme-theoretic curve. For the sake of intuition, however, in the following sections we will most often describe the generic point of the boundary components of R g, in terms of the cover π : Y → X it represents. 
If g is even, there is an equality of divisors
Proposition 3.3. [5, page 14] or [6, Equation (17)] There is an equality of divisors
It follows from Propositions 3.2 and 3.3 that every component of δR g, has dimension 3g − 4. We generalize this statement in Proposition 3.14, replacing the boundary of R g, by that of the pullback of the p-rank strata ofM
Pryms of covers of singular curves of compact type. Let ξ = κ i (ξ 1 , ξ 2 ) be the point of ∆ i [M g ] representing the singular curve X of compact type defined in Section 3.1.1. Then an unramified cyclic degree cover π : Y → X is determined by two line bundles
above ξ represent covers π for which η C 1 (resp. η C 2 ) is trivial; the points of ∆ i:g−i [R g, ] above ξ represent covers π for which both η C 1 and η C 2 are nontrivial.
3.4.1. The boundary component ∆ i:g−i . The boundary divisor ∆ i:g−i [R g ] is the image of the clutching map κ i:g−i :R i, ;1 ×R g−i, ;1 →R g, , defined as follows. Let τ 1 be a point ofR i, ;1 representing (π 1 : C 1 → C 1 , x 1 → x 1 ) and let τ 2 be a point ofR g−i, ;1 representing (π 2 : C 2 → C 2 , x 2 → x 2 ). Let X be the curve of compact type defined in Section 3.1.1. Let Y be the curve with components C 1 and C 2 , formed by identifying x 1 and x 2 in an ordinary double point and identifying the other points in the fiber according to the Z/ -action. More precisely, if σ generates Z/ , then σ k (x 1 ) and σ k (x 2 ) are identified in an ordinary double point for 1 ≤ k ≤ . Then κ i:g−i (τ 1 , τ 2 ) is the point representing the unramified Z/ -cover Y → X. This is illustrated in Figure 1 for = 2.
Lemma 3.4. The clutching map κ i:g−i restricts to a map
Proof. This follows from Equation (3).
Lemma 3.5. Suppose π : Y → X is an unramified Z/ -cover represented by a point of
Then P π is an extension by a torus T of rank r T = − 1 and, up to isogeny, there is an exact sequence
If f i is the p-rank of P π i , then the p-rank of P π is f 1 + f 2 + ( − 1).
Proof. By (1), J Y is an extension by a torus T with rank r T equal to the rank of H 1 (Γ Y , Z). Since Γ Y consists of two vertices, corresponding to the two irreducible components C 1 , C 2 , which are connected with edges, corresponding to the intersection points σ k (x 1 ) = σ k (x 2 ), the rank is r T = − 1.
The statement about the p-rank follows from the exact sequence and the fact that T contributes − 1 to the p-rank of P π .
Consider the exact sequence
There is an exact sequence of abelian varieties up to isogeny
For i = 1, 2, let φ i be the restriction of φ to J C i . Then there is an exact sequence
Since J X is an abelian variety, the intersection of π * (J X ) with the image of T in J Y is trivial. Thus f (π * (J X )) J X , which is isomorphic to (π * (2) . Thus f descends to a well-defined surjective mapf :
Consider the restrictionφ of φ to the image of T in J Y . Since π * (J X ) and T intersect trivially, it follows thatφ is injective. Ifr ∈ Ker(f ), then there exists r ∈ J Y such that
. Without loss of generality, one can suppose that f (r) = 0, or r ∈ T , since Ker(φ) = π * (J X ). Thusφ surjects onto Ker(f ). It follows that Ker(f ) Figure 2 for = 2.
Lemma 3.6. The clutching map κ i restricts to a map:
Lemma 3.7. Suppose π : Y → X is an unramified Z/ -cover represented by a point of
. Applying (2) completes the proof. for general . Let C be the nodal curve of genus g with normalization C defined in Section 3.1.2. Recall that if C has p-rank f 1 , then C has p-rank f = f 1 + 1.
The statements below about the p-rank of the Prym are similar to Lemma 3.5 and rely on Equation (1). We omit the details of the proofs. 
Proof. This follows from Equation (5).
Lemma 3.9. Suppose π : Y → X is an unramified Z/ -cover represented by a point of
Then P π is an extension by a torus T with r T = − 1 and there is an exact sequence
If f 1 is the p-rank of P π , then the p-rank of P π is f = f 1 + ( − 1).
The Boundary Component
is the image of the clutching map κ 0,II :M g−1;2 →R g, , defined as follows. Let ω be a point ofM g−1;2 representing (C , x, y) (with 2 markings). Consider a disconnected curve with components (C i , x i , y i ) indexed by i ∈ Z/ such that each component is isomorphic to (C , x, y).
Let C be the nodal curve of genus g with normalization C defined in Section 3.1.2. Let Y be the nodal curve of non-compact type formed by identifying σ k (x 1 ) and σ k (y 2 ) for each 0 ≤ k ≤ − 1. Then κ 0,II (ω) is the point representing the unramified Z/ -cover π : Y → C. This is illustrated in Figure 4 for = 2.
Lemma 3.10. The clutching map κ 0,II restricts to a map κ 0,II :M
Lemma 3.11. Suppose π : Y → X is an unramified Z/ -cover represented by a point of
The Boundary Component ∆ 0,III . The points of the last boundary component(s) represent level-twisted curves [X,η,φ] which have the following structure. Let (C , x, y) be a point ofM g−1;2 and let E be a projective line. The genus g curve X = C ∪ x,y E has components C and E, with two ordinary double points formed by identifying x with 0 and y with ∞. Then η E = O E (1) and, for some 1 ≤ a ≤ − 1,
Letη be the line bundle on X which restricts to η on C and to η E on E.
The boundary divisor ∆ 
Proof. This follows from Equation (5). Then its Prym P π is an extension by a torus T of rank r T = − 1 and there is an exact sequence
If f 1 is the p-rank of P π| C , then the p-rank of P π is f = f 1 + ( − 1).
Dimension of the boundary of
Proposition 3.14. Let g ≥ 2 and 0 ≤ f ≤ g. If Q is an irreducible component ofW f g , then the dimension of Q ∩ δR g, is 2g − 4 + f and the generic point of Q represents a smooth curve.
Proof. By Lemma 2.3, dim(Q) = 2g −3+f . In particular, this means that the first statement implies the second. One sees that dim(Q ∩ δR g, ) ≥ 2g − 3 + f by Lemma 3.1, since δR g, has codimension 1 inR g, .
A component ofW f g ∩ δR g is in the image of one of the clutching morphisms. Applying Lemma 2.3, the following calculations yield the result.
• Lemma 3.4: The dimension of ∆ i:
• Lemma 3.12: The dimension of ∆ 
The Prym of a generic curve of given p-rank is ordinary
The main result of this section is that the Prym of an unramified Z/ -cover of a generic curve of genus g and p-rank f is ordinary, Theorem 4.5. The Z/ -cover π is determined by a point of order on
The point ξ is in ∆ i or ∆ g−i if and only if the point of order is in either
There are 2g − 2i − 2(g−i) + 1 points of order which do not have this property. Since Q = Π −1 (S), without loss of generality, one can suppose that the point of order is one of these or, equivalently, that ξ is in ∆ i:g−i . This completes the proof of part (1) .
Every component of Q ∩ ∆ i:g−i has dimension 2g − 4 + f . By Proposition 3.14, this equals the dimension of the components of κ i:g−i (W 4.4. Ordinary Pryms. The first main result is that the Prym of an unramified Z/ -cover of a generic curve of genus g and p-rank f is ordinary, for any 0 ≤ f ≤ g. 
), then the Prym of the generic point of Q is ordinary (f Q = ( − 1)(g − 1) ).
Proof. The proof is by induction on g, with the base case g = 1 being vacuous. Suppose the result is true for all 1 ≤ g < g. Let Q be an irreducible component of W
The p-rank f Q of the Prym of the generic point of Q is at least as big as the p-rank f δQ of the Prym of a generic point ofQ ∩ ∆ i:g−i . By Lemma 3.5, f δQ = f 1 + f 2 + ( − 1), where f 1 (resp. f 2 ) equals the p-rank of the Prym of the generic point of a component ofW 
A purity result
When = 2, we consider the stratification of the moduli space of Prym varieties by p-rank. We use purity to give a lower bound for the dimension of the p-rank strata, Proposition 5.4. Since we only consider double covers in this section, the subscript = 2 is dropped from the notation for simplicity.
If π : Y → X is an unramified double cover, let f denote the p-rank of P π . Recall that A f g−1 denotes the p-rank f stratum of the moduli space A g−1 of principally polarized abelian varieties of dimension g − 1. Consider the Prym map P r g :
. Hence, the points of V f g represent unramified double covers π : Y → X of a curve X of compact type such that X has genus g and P π has p-rank f .
g . Hence, the points of R (f,f ) g represent unramified double covers π : Y → X of a curve X of compact type such that X has genus g and p-rank f and the Prym P π has p-rank f . Furthermore, each of the 15 unramified degree two connected covers π : Y → X arises via the fiber product construction (from one of the 15 choices of B E ⊂ B X ). This is because the hyperelliptic involution ι on X fixes each point of order 2 on Jac(X) and thus extends to Y .
For a fixed (small) prime p, it is thus computationally feasible to find equations for curves represented by points of R (f,f ) 2 . However, if f +f is small, then trying to prove that R (f,f ) 2 is non-empty for all primes p using computational algebra is not easy, as illustrated in Section 6.2.
is non-empty and has dimension f + f (except when p = 3 and (f, f ) = (0, 0) or (1, 0) ). 6.2.1. Computational approach to Proposition 6.1. There is a computational approach to Proposition 6.1 but it is not easy to implement for all p ≥ 5.
Let λ ∈ k − {0, 1}. Consider the elliptic curve E λ : y 2 2 = x(x − 1)(x − λ). One says that λ is supersingular when E λ is supersingular. For t 1 , t 2 ∈ k − {0, 1, λ} with t 1 = t 2 , consider the genus two curve
As above, E λ is the Prym of a degree 2 unramified cover π : Y → X.
Let M λ (t 1 , t 2 ) be the matrix of the Cartier operator on H 0 (X, Ω 1 ) with respect to the basis {dx/y, xdx/y}. Recall, from [21, page 381] , that the entries of M λ (t 1 , t 2 ) depend on the coefficients c i of
, X is ordinary if and only if D λ = 0; and, more generally, the p-rank of X is the stable rank of V on H 0 (X, Ω 1 ), which is the rank of
(p) (where the exponent (p) means to raise each coefficient of the matrix to the pth power). Let S λ ⊂ A 2 be the vanishing locus of D λ . Here is a computational perspective on Proposition 6.1 when f = 0.
(1) The case (f, f ) = (2, 0). For each value of λ such that E λ is supersingular, to see that X is generically ordinary, one would need to check that
is non-empty, one would need to find some supersingular λ such that the determinant D λ ∈ k[t 1 , t 2 ] is non-constant and S λ is not contained in the union L of the lines t i = 0, t i = 1, t i = λ, and t 1 = t 2 . (3) The case (f, f ) = (0, 0) for p ≥ 5. To see that R (0,0) 2 has dimension 0, one would need to show that the stable rank of the Cartier operator is 1 (not zero) for every supersingular λ and for each generic point of S λ not in L. To see that R (0,0) 2 is nonempty, one would need to find some supersingular λ and distinct t 1 , t 2 ∈ k − {0, 1, λ} such that the stable rank of the Cartier operator is 0. Here are some examples of parts of Proposition 6.1 when f = 0 and p = 5.
added level structure on the 2-torsion points. The exceptional components are described in equations 3.14, 3.15, 3.16 of [19] . They each have (relative) dimension ≤ 2.
Thus the fiber of P r 3 : R 3 → A 2 over η has a unique irreducible component F of dimension 5. By definition, F ⊂ V Continuing the proof of non-emptiness, consider
By Lemma 3.5, N contains a point whose Prym has p-rank f = f 1 + f 2 + 1 = g − 2. In other words, N contains a point whose Prym is almost ordinary, thus finishing the proof that Π −1 (S) ∩ V g−2 g
is non-empty. The answer to Question 7.3 is yes for any 0 ≤ f ≤ g in the following cases:
(1) when f = g − 1 by Theorem 4.5 (and Proposition 6.1 for the case g = 2 and f = 0); (2) and when f = g − 2 and p ≥ 5 by Theorem 7.1. One complication in answering Question 7.3 for f < g − 2 is that there are families of singular curves in the compactification R (f,f ) g;2 whose dimension exceeds g − 2 + (f + f ) as in Remark 6.2.
7.2.2.
A question about non-ordinary cyclic covers. The second question is about whether Theorem 7.1 can be generalized to the case > 2.
Question 7.4. Suppose is an odd prime. For which curves X of genus g and p-rank f , do there exist unramified Z/ -covers π : Y → X such that the Prym of π is non-ordinary?
The following example shows that the answer to Question 7.4 may be complicated for small primes.
Example 7.5. [15, Section 6] Let p = 2 and g = 2 and = 3. If X is a curve of genus 2 which is not ordinary (f < 2), then the Prym of every unramified Z/3-cover of X is ordinary. , whose points represent unramified double covers π : Y → X such that X has genus 3 and p-rank 2 and P π has p-rank 0. By Proposition 6.5, T is non-empty with dimension 4. It is not known whether or not T is irreducible. 
